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We study the collective excitations in a dissipative charged ﬂuid at zero chemical potential when an 
external magnetic ﬁeld is present. While in the absence of magnetic ﬁeld, four collective excitations 
appear in the ﬂuid, we ﬁnd ﬁve hydrodynamic modes here. This implies that the magnetic ﬁeld splits 
the degeneracy between the transverse shear modes. Using linear response theory, we then compute the 
retarded response functions. In particular, it turns out that the correlation between charge and the energy 
ﬂuctuations will no longer vanish, even at zero chemical potential. By use of the response functions, we 
also derive the relevant Kubo formulas for the transport coeﬃcients.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Study of hydrodynamic limit in relativistic and non-relativistic 
systems has been an important issue since many years ago (see [1]
and references therein). In particular, study of transport phenom-
ena in an external ﬁeld, has attracted considerable attention re-
cently. As a remarkable progress, it has been shown that in systems 
with chiral anomalies, the second law of thermodynamics necessi-
tates the presence of parity odd terms in the constitutive relation 
of hydrodynamic current [2].
To investigate the dissipative character of ﬂuids, one way is to 
study the collective excitations around equilibrium in the system. 
In this paper we will consider a charged ﬂuid at zero chemical 
potential and compute the dispersion relation of the collective ex-
citations in presence of an external magnetic ﬁeld. We show that 
the presence of magnetic ﬁeld splits the degeneracy between the 
transverse shear modes. While in the absence of magnetic ﬁeld 
there are four independent hydrodynamic modes, we ﬁnd ﬁve long 
wave modes here. Of these ﬁve, two are longitudinal sound waves 
and three others are purely dissipative shear modes. Moreover, 
compared to zero magnetic ﬁeld limit, there appear new dissi-
pative contributions in all hydrodynamic modes. In other words, 
the presence of magnetic ﬁeld intensiﬁes the dissipation processes 
in a charged ﬂuid. We will indicate that it would be actually 
the Lorentz force exerted from the magnetic ﬁeld on the induced 
electric currents in the system that makes the ﬂuid modes more 
quickly dissipate.
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SCOAP3.As is known, the microscopic information of ﬂuids is reﬂected 
by the transport coeﬃcients. These coeﬃcients are in general re-
lated to equilibrium response functions. In order to determine how 
one could evaluate the transport coeﬃcients in a magnetic ﬁeld, 
we ﬁrst compute the retarded response functions GRab in presence 
of a magnetic ﬁeld. Then, from SO(3) covariant response functions, 
we derive relevant Kubo formulas for conductivity, shear and bulk 
viscosity as well.
Since the presence of magnetic ﬁeld breaks time reversal sym-
metry in the system, the retarded functions GRab are no longer 
symmetric under the exchange of “a” and “b” [3]. Speciﬁcally, the 
correlation function between charge and momentum density ﬂuc-
tuations, namely GRπin , which was already vanishing, turns out to 
be non-zero and more importantly, anti-symmetric. We physically 
explain why the magnetic ﬁeld forces the ﬂuctuations in charge 
density to be correlated with those in momentum density. We also 
indicate, that the GRπin is anti-symmetric; it is the consequence of 
this fact that in presence of magnetic ﬁeld, the symmetry under 
time reversal holds if the sign of magnetic ﬁeld is simultaneously 
reversed.
2. Relativistic ﬂuid dynamics
In grand canonical ensemble at μ = 0, the equilibrium state is 
characterized by the density operator:
ρˆ = 1
Z
eβuμ P
μ+βμN (1)
where Z = tr eβuμ Pμ+βμN is the partition function. In the expres-
sion above, Pμ is the momentum operator, and N is the conserved  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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need to know ﬁve parameters to specify the equilibrium state of a 
system: a temperature T , a chemical potential μ and three com-
ponents of four-velocity uμ (uμuμ = −1).
Hydrodynamics describes the dynamics of a thermal system 
slightly deviated from its thermal equilibrium, or equivalently a lo-
cally equilibrated system, evolving towards its global equilibrium. 
To describe the hydrodynamic states, it is sensible to choose the 
slowly varying local functions T (x), μ(x), uμ(x) as the hydrody-
namic variables. From the hydrodynamic equations which are sim-
ply the conservation laws of the conserved global currents, one can 
ﬁnd the solution for the hydrodynamic variables, just as a bound-
ary value problem.
In a general relativistic system with a U (1) global symmetry, 
the global currents are the energy momentum tensor Tμν and a 
current Jμ . So in presence of an external background ﬁeld the hy-
drodynamic equations take the form
∂μT
μν = Fμν Jν
∂μ J
μ = 0 (2)
where the Fμν Jν term on the right-hand side of the ﬁrst equa-
tion is the work which Lorentz force performs on the ﬂow. Ob-
viously, the number of unknown components (10 components of 
Tμν and 4 components of Jμ) is larger than the number of equa-
tions (4 + 1).1 However, the idea of local thermal equilibrium is 
that one can express Tμν and Jμ as functions of exactly ﬁve 
slowly varying hydrodynamic variables.
Near the local equilibrium also, Tμν and Jμ may be expressed 
in derivative expansion of hydrodynamic ﬁelds. Up to the ﬁrst or-
der in derivatives, the constitutive relations are given by:
Tμν = ( + p)uμuν + pημν + τμν (3)
Jμ = nuμ + νμ (4)
In the expressions above, the dissipative parts, namely τμν and 
νμ , are not uniquely determined.2 In the so-called Landau–Lifshitz 
frame [4] we have:
τμν = −ηPμα Pνβ (∂αuβ + ∂βuα)−
(
ζ − 2
3
η
)
Pμν∂.u (5)
νμ = −σ T Pμν∂ν
(μ
T
)
+ σ Eμ (6)
with Pμν = uμuν + ημν . Here, η, ζ and σ are non-negative trans-
port coeﬃcients: shear viscosity, bulk viscosity and conductivity 
respectively. We may also deﬁne the electric ﬁeld in the rest frame 
of the ﬂuid: Eμ ≡ Fμνuν . For consistency with derivative counting 
in hydrodynamics, we take the strength of the background gauge 
ﬁeld Aμ of the same order as the temperature and the chemical 
potential; so Aμ ∼ O (∂0) and Fμν ∼ O (∂) [2]. This assumption 
constrains the value of magnetic ﬁeld in our problem; it turns 
out that for hydrodynamic perturbation with momentum k, the 
magnetic ﬁeld must be of order of B ∼ √η/σ k. Such magnetic 
ﬁeld could affect the velocity of sound in magnetized ﬂuid. Since 
our system is assumed to be non-magnetized here, the effect of 
magnetic ﬁeld appears at least from the ﬁrst order in derivative 
expansion. We expect the magnetic ﬁeld makes contributions of 
order of σB2 ∼ ηk2 to dissipative processes.
1 We will always consider a system in 3 + 1 dimension through this note. The 
generalization to higher spacial dimensions is straightforward.
2 There is an ambiguity with deﬁning the ﬂuid velocity out of equilibrium in 
relativistic ﬂuid dynamics. Here we choose the Landau–Lifshitz frame to ﬁx this 
ambiguity and refer the interested reader to have a look at [5] for detailed explana-
tions.3. Hydrodynamic ﬂuctuations at zero chemical potential
In order to study the hydrodynamic ﬂuctuations we have to 
determine the state of equilibrium and then linearize the equa-
tions around that. Before proceeding further, let us denote that 
in what follows, rather than choosing T , μ and ui as the hydro-
dynamic variables, we will choose their conjugate variables, the 
energy density  , momentum density π i and charge density n. The 
importance of this choice is that the latter have microscopic deﬁ-
nitions given by operators T 00(x), T 0i(x) and J0(x).
3.1. State of equilibrium in presence of an external magnetic ﬁeld
Each equilibrium state of the system is speciﬁed by a static so-
lution of the equations (2). It is straightforward to see that the set 
{uμ = (1, 0), μ = const., T = const.} not only characterizes state of 
equilibrium in the absence of external ﬁeld, it can also be a ther-
modynamic solution when a constant background magnetic ﬁeld 
of order of one derivative is present. It is physically reasonable; in 
the equilibrium, all thermodynamic quantities are independent of 
magnetic ﬁeld.
The case what we are interested in is exactly the above-
mentioned equilibrium state but at μ = 0. Let us remind that a 
state in grand canonical ensemble at μ = 0 has no charge, i.e. 
n¯ = 0.3 In relativistic hydrodynamics, this means that there is an 
equal number of particles and anti-particles in thermal equilib-
rium. Hydrodynamic ﬂuctuations in this state however would be 
a sensible thing, namely one can compute δμ and δn around equi-
librium.4
In summary, our goal is to compute the correlation between 
hydrodynamic ﬁelds around the equilibrium state
u¯μ = (1,0), T¯ = const., μ¯ = 0,
in presence of the non-dynamical external ﬁelds as being
E = 0, B = const. (7)
Let us denote that in equilibrium, all the thermodynamic quan-
tities are assumed to be independent of magnetic ﬁeld here. That 
means that the magnetization of the ﬂuid is zero.5
3.2. Hydrodynamic modes in presence of magnetic ﬁeld
Having speciﬁed the state of equilibrium, we have to linearize 
equations around that. Let us remind that in the absence of mag-
netic ﬁeld at μ¯ = 0, the ﬂuctuations in charge density decouple 
from the ﬂuctuations of momentum and energy density (see (5)). 
However when B is present, even at μ¯ = 0, the ﬂuctuating ﬁelds 
n(t, k), πi(t, k) and δ(t, k) are coupled to each other as the fol-
lowing:
∂tn + k2Dn − iσ
w¯
k j F
jkπk = 0
∂tπ
j + ik j v2s δ −Mi jπi = iD F jmkmn +
σ
w¯
F jk Fkmπ
m
∂tδ + ik jπ j = 0 (8)
3 Through this note, a “bar” over every variable denotes the equilibrium value of 
that variable.
4 In contrast, in non-relativistic systems, n¯ = 0 means that the equilibrium state 
is purely neutral, with no charge that could ﬂow.
5 We would like to thank to the referee for pointing out this point to us. We also 
appreciate the referee bringing [15,16] to our attention.
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γs =
(
4
3η + ζ
)
/w¯ , D = σ/χ and χ = (∂n/∂μ)μ=0. The velocity 
of sound is deﬁned through v2s = ∂p/∂ .6
Let us denote that the case we are studying here differs from 
the standard magnetohydrodynamics viewpoint [7]. In magnetohy-
drodynamics the electromagnetic ﬁelds, namely the gauge ﬁelds 
corresponding to U (1) symmetry, are accounted as dynamical 
ﬁelds. In other words these ﬁelds are not thermalized with the 
ﬂowing matter. So the equation of state for the system  = (p) is 
the same as EoS when the ﬂuid is not coupled to electromagnetic 
ﬁelds. Our desired case in the current paper however is similar to 
what happens in the high temperature QCD ﬂuid in heavy ion col-
lision experiments. In this case the gauge ﬁelds are thermalized 
with the matter and for example  denotes the energy contribu-
tion of the matter as well as the energy contribution of the gauge 
ﬁelds. These contributions are not possible to be separated. Corre-
spondingly, the equation of state for such matter differs from that 
of a plasma made out of quarks with non-thermalized gluons.
Equations (8) can also be written in a concise form. To proceed 
let us deﬁne the superﬁeld φa(t, k) =
(
n,π i, 
)
. In terms of φa , the 
linearized equations can be written as
∂tφa(t,k) + Mab(k)φb(t,k) = 0 (9)
where the matrix M is
Mab =
⎛
⎝ k
2D − iσw¯ kmFmj 0
iD F imkm −Mij − σw¯ F jm Fmi iki v2s
0 ik j 0
⎞
⎠ . (10)
Now, hydrodynamic modes may be simply found via solving the 
following equation:
det
(
−iωδab + Mab(k)
)
= 0 (11)
Doing so, we obtain ﬁve collective modes around the equilibrium 
(see Table 1). There are some interesting points regarding these
modes which we point out in what follows. First, when B = 0, the 
modes corresponding to the momentum ﬂuctuation in the direc-
tions transverse to k are degenerate, because the only preferred 
direction in the system is identiﬁed by the wave vector k. How-
ever, as expressed in Table 1, in presence of magnetic ﬁeld, the 
degenerate modes, namely ω4 and ω5, are split into two dissi-
pative modes. Moreover, when B ‖ k, the degeneracy is restored 
again
ω4(k) = ω5(k) = −i
(
γηk
2 + σ
w¯
B2
)
. (12)
The point which has to be physically explained is how the mag-
netic ﬁeld participates in dissipation processes. Let us brieﬂy ex-
plain how it happens for the case of shear modes. Consider a 
spacial frame wherein k = (k, 0, 0) and B = (Bx, B y, 0). In this 
frame, the shear mode ω5 reﬂects the decay rate of the momen-
tum ﬂuctuations in the direction y. So we consider the momentum 
ﬂuctuation as being πy . According to (5), a momentum ﬂuctuation 
in an external magnetic ﬁeld, induces an electric current:
J z = − σ
w¯
Bxπy . (13)
The magnetic ﬁeld itself, exerts a Lorentz force on the current or 
equivalently on the unit volume of the ﬂuctuating element of the 
ﬂuid as being
6 Note that in writing equations (8), we have used the spacial Fourier transformed 
ﬁelds deﬁned as φa(t, k) =
∫
d3xeik.xφa(t, x).dF = J× B =
(
0,− σ
w¯
B2xπy,0
)
. (14)
No matter what the proﬁle of πy is, the above force is always 
directed opposite to πy . Therefore, the Lorentz force makes the 
momentum of ﬂuid element dissipate and the rate of dissipation 
is exactly the same as magnetic contribution in ω5. With similar 
arguments, one can physically interpret the contribution of mag-
netic ﬁeld to dissipative parts of other hydrodynamic modes.
As the second point, let us give a comment on the velocity of 
sound modes given in Table 1. As it can be clearly seen, the veloc-
ity of sound in a charged ﬂuid is not affected by the presence of 
a background magnetic ﬁeld. This is not surprising since the ﬂuid 
is supposed to be non-magnetized here. If the ﬂuid was magne-
tized, the pressure would not be isotropic even in equilibrium and 
therefore the sound velocity would be dependent on the direction 
of magnetic ﬁeld. Investigating such effects would be of serious 
importance when studying magnetohydrodynamics in a charged 
system in presence of a strong magnetic ﬁeld [8,9].
Before ending this subsection, let us compare our results with 
those already obtained in [17]. The hydrodynamic modes of a con-
formal charged ﬂuid in presence of external magnetic ﬁeld has 
been already computed in [17]. The authors have computed the 
sound modes in a charged ﬂuid at zero chemical potential in pres-
ence of an external magnetic ﬁeld in 2 + 1 dimensions. More 
importantly they have clearly explained that in order to have a 
well-deﬁned derivative expansion, the magnetic ﬁeld has to be 
considered in the form B = b kp . The equation (2.33) in their paper 
is just the ω1,2 in our paper when considering the latter in a con-
formal ﬂuid (vs = 1√d ) in d + 1 = 2 + 1 dimensions in presence of 
B = b k.
The point which distinguishes our work from that in Section 2.3 
of [17] is that not only we have considered a general ﬂuid in 3 + 1
(neither necessarily conformal nor in 2 +1), but also we have com-
puted the full spectrum of hydrodynamic excitations in this work. 
The spectrum includes sound modes as well as transverse shear 
and diffusive modes.
3.3. Response functions
Using the methods of linear response theory, the response func-
tions have been extensively discussed in non-relativistic hydro-
dynamics in [6]. Recently, Kovtun applied the methods of linear 
response theory to the case of relativistic hydrodynamics. Speciﬁ-
cally, in [3], it has been shown that the retarded function
GRab(t − t′,x− x′) = −iθ(t − t′)
〈
[φˆa(t,x), φˆb(t′,x′)]
〉
(15)
might be computed in the framework of linear response theory 
using the following formula
GRab(ω,k) = −
(
δac + iω(K−1)ac
)
χcb. (16)
In the expression above, Kab = −iωδab + Mab(k) and χab is the 
static thermodynamic susceptibility which is deﬁned by
χab =
(
∂φa
∂λb
)
. (17)
Here λa is the external source term which couples to ﬁeld φa
through the perturbation Hamiltonian. In order to identify sources, 
we have to ﬁnd the linear change in Hamiltonian, namely δH(t, x), 
for inﬁnitesimal slowly varying disturbances δT (t, x), δμ(t, x) and 
vi(t, x). To proceed, we may formally write
ρˆ = 1 eβ(x)
(
uμ(x)Pμ(x)+μ(x)N(x)
)
= 1 e−β¯(H+δH(x)). (18)Z Z
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Comparison between hydrodynamic modes “in presence” and “in absence” of external magnetic ﬁeld at μ¯ = 0. In the expressions 
below, θ is the angle between momentum vector k and the magnetic ﬁeld B, i.e. cosθ = kˆ.Bˆ.
Hydrodynamic modes in presence of magnetic ﬁeld Hydrodynamic modes at B = 0
ω1,2(k) = ±vsk − i2
(
k2γs + σw¯ B2 sin2 θ
)
ω1,2(k) = ±vsk − i2k2γs
ω3,4(k) = − i2
(
k2(D + γη) + σw¯ B2 ±
√
(k2(D − γη) − σw¯ B2)2 + 4Dσw¯ B2 k2 sin2 θ
)
ω3(k) = −iDk2
ω4(k) = −iγηk2
ω5(k) = −i
(
k2γη + σw¯ B2 cos2 θ
)
ω5(k) = −iγηk2
Table 2
Retarded functions organized in different sectors of SO(3) group. In expressions below Ac = σw¯ B2 cos2 θ + γηk2 and by the i j... in denominators, we mean (ω −ωi(k))(ω −
ω j(k)) . . . .
SO(3) Type Retarded Green’s functions
Scalar GRn(ω,k) = 0, GR (ω,k) = w¯ k
25
125
, GRnn(ω,k) = −iσ k
25
34
Vector GRπin(ω,k) = −GRnπi (ω,k) = − σω34 (B× k)i
GRπi (ω,k) = GRπi (ω,k) = ω125
(
w¯(ω + ik2γη)ki + iσ(B.k)Bi
)
Tensor GRπiπ j (ω,k) =
(
− i w¯ Ac
5
− iσω2
345
(B×k)2
k2
)
δi j +
(
− w¯ω(iaω2−bω+ic)
1255
+ iσω2
345
B2
)
kik j
k2
+
(
− σ 2ω2w¯1255
(B.k)2
k2
+ iσω2
345
)
Bi B j +
(
iσω2(ω+iγηk2)
1255
− iσω2
345
)(
B.k
k2
)
k(i B j)Simplifying equation (18) yields:
δH(x) = −
∫
d3xλa(x)φˆa(x)
= −
∫
d3x
(
δT (x)
T¯
T 00(x) + δμ(x) J0(x) + vi(x)T 0i(x)
)
(19)
Therefore we identify λa =
(
δμ , vi ,
δT
T¯
)
as the sources corre-
sponding to the hydrodynamic ﬁelds φa = (δn, πi, δ). As a result, 
the susceptibility matrix (17) is
χab =
⎛
⎜⎜⎝
T
(
∂n
∂T
)
μ/T 0
(
∂n
∂μ
)
T
0 w¯ 0
T
(
∂
∂T
)
μ/T 0
(
∂
∂μ
)
T
⎞
⎟⎟⎠ =
⎛
⎝
χ 0 0
0 w¯ 0
0 0 w¯
c2s
⎞
⎠ (20)
Similar to the case where the magnetic ﬁeld is absent [3], the sus-
ceptibility matrix is diagonal here. This is due to this reason that 
chemical potential in our system is zero in equilibrium [3].
Now we substitute (17) into formula (16) to compute the re-
tarded functions in presence of a constant external magnetic ﬁeld. 
Results have been reported in Table 2, organized in terms of SO(3)
group representations. In the scalar sector there are two non-
vanishing response functions. In order to represent the vector type 
response functions, we ﬁrst have to ﬁnd a vector basis. Using k
and B, one can consider three independent vectors
V1 = k, V2 = cos θ B, V3 = B× k (21)
where cos θ = Bˆ.kˆ. Taking these three vectors as the basis, we have 
covariantly expressed the vector retarded functions, namely GRπi
and GRπin , in the second row of Table 2.
The basis of symmetric tensors may be constructed by using 
δi j plus all symmetric bi-vectors made out of basis vectors given 
above. It simply turns out that there are six independent symmet-
ric tensors being
δi j, kik j, Bi B j, V
m
(i V
n
j), m = n; (22)
however only four of the them have participated in the expression 
of GRπiπ j (see
7 for the expressions of a, b and c). In the absence 
7 a = (σB2/w¯ + (γs − γη)k2), b = k2(β1 − γηk2 + γsσw¯ B2 cos2 θ + γησw¯ B2 sin2 θ +
γsγηk2) and c = −β1k2
(
σ
w¯ B
2 cos2 θ + γηk2
)
.of magnetic ﬁeld, retarded response functions GRab are symmetric 
under the exchange of a and b ﬁelds
GRab(ω,k) = GRba(ω,k). (23)
The origin of the above symmetry is that in a system which is mi-
croscopically time-reversal invariant, the space-time translational 
invariance implies that [3]
GRab(ω,k) = ηaηbGRba(ω,−k) (24)
with ηa being the time-reversal eigenvalue of the hydrodynamic 
ﬁeld φa . It is straightforward to show that when B = 0, (24) leads 
to (23).8
When B is non-zero, V2 and V3 may participate in the structure 
of vector response functions too. On the other hand, the relation 
(24) has to be generalized in presence of magnetic ﬁeld9
GRab(ω,k,B) = ηaηbGRba(ω,−k,−B). (25)
Denoting these considerations, it turns out that only V2 is allowed 
to participate in the structure of GRπi (see Table 2).
10
The situation is somewhat different in the case of GRnπi . Con-
sider a momentum density ﬂuctuation πx appeared at t = 0
around the origin. In a magnetic ﬁeld being along the +y direc-
tion, the Lorentz force exerted on the ﬂuctuating element, induces 
an electric current in the +z direction. Consequently, there ap-
pear ﬂuctuations in density n at the points near the origin on the 
z axis. This means that in presence of B = (0, B y, 0), πx is corre-
lated with n with the wave vector k = (0, 0, kz). As a result, the 
vector response function GRπin can only be made out of V
3 = B ×k. 
The point which distinguishes GRnπi from the other retarded re-
sponse functions is that the former is not symmetric under the 
exchange of πi and n. It can be simply justiﬁed when one applies 
(25) to GRnπi . There are three minus signs which have to be taken 
into account: one from ηπi = −1, one from k → −k and the last 
one from B → −B. So
8 For example: GRπi (ω, k) = (−1)(+1)GRπi (ω, −k) = GRπi (ω, k) where in the 
second equality we have used the point that GRπi (ω, −k) as a vector has to be 
made out of ki , so it must be in the form GRπi (ω, −k) = (scalar)ki .
9 Equation (25) is the basis for the Onsager relations [10,11].
10 The behavior of V3 under the transformations k → −k and B → −B is different 
from that of V1 and V2. Consequently, the basis vectors do not all participate in the 
expression of a vector response function. If V3 is present, V1 and V2 are absent and 
vice versa.
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In expressions below we have used Dη = (B4σ 2 − w¯2ω2), Nη = (B4σ 2 + w¯2ω2), Ds = Nη(Nη −
2(B × kˆ)4 w¯2σ 2ω2). The projective tensors are deﬁned as: P(1)i j = δi j − csc2 θ kˆi kˆ j − csc2 θ Bˆ i Bˆ j +
cos θ csc2 θ kˆ(i Bˆ j) , P(2)i j = cot2 θ kˆi kˆ j + csc2 θ Bˆ i Bˆ j − cos θ csc2 θ kˆ(i Bˆ j) .
Kubo formulas
σ = lim
k→0
−ω Im GRnn(ω,k)
k2+ (B×k)iw¯ Im GRπi n(ω,k)
γη = N
2
η
2w¯3Dη limk→0
kl
ωk2
∂kl
(
P(1)i j ImGRπiπ j
)
− B2 (B×kˆ)2Dη 2σ
3
χ
γs = −N
2
η
Ds limk→0
ωkl
k2
∂kl
(
P(2)i j ImGRπiπ j
)
− 2(B.kˆ)2(B×kˆ)2DηDs w¯σ 2γη −
4(B×kˆ)2
(
(B.kˆ)2B2σ 2+w¯2ω2
)
Ds σ w¯
2v2sGRπin(ω,k,B) = −GRnπi (ω,−k,−B) = −GRnπi (ω,k,B) (26)
where in the last equality we have used the fact that
GR
πn(ω, k, B) = scalar(B × k).
It should be also noted that by taking the limit B → 0, one can 
simply reproduce the results of [3].
3.4. Kubo formulas in presence of a magnetic ﬁeld
Kubo formulas for transport coeﬃcients of a charged ﬂuid are 
well known in the literature [3]. However one may be interested 
in computing transport coeﬃcients for the charged ﬂuid when ex-
isting an external magnetic ﬁeld. Clearly, the response functions 
are changed compared to B = 0 case. Therefore the Kubo formu-
las are expected to be modiﬁed too. In Table 3, we have listed 
the relevant Kubo formulas in presence of a constant magnetic 
ﬁeld.
It is straightforward to check that the B → 0 limit of formu-
las given in Table 3 coincide with the Kubo formulas for a charged 
ﬂuid at zero chemical potential in [3]. Let us emphasize that our 
Kubo formulas have been expressed in terms of response func-
tions of hydrodynamic densities n, πi and  . However, one can 
also write them in terms of response functions of spacial cur-
rents. To proceed, one may ﬁrst demand the response functions 
satisfy
kμ G Jμ Jν (ω.k) = 0
kμ G JμTρσ (ω.k) = 0
kμ GTμν Jσ (ω.k) = ηνα Fαρ G Jρ Jσ (ω.k). (27)
Then, by using (27) and (25), it would be a simple calculation to 
exchange the response functions of densities with those of spacial 
currents in Kubo formulas.
4. Outlook
Our results reported in this note might be encountered with a 
very important follow-up question. The question is how the hy-
drodynamic modes would be affected if we took into account the 
chiral effects in the ﬂuid. Very recently, Yamamoto has shown that 
in a system with gravitational anomaly, there exists a new type of 
collective mode. As shown in [12], the so-called Chiral Alfvén wave 
is a transverse hydrodynamic mode propagating in an incompress-
ible ﬂuid, with a velocity proportional to the anomaly coeﬃcient. On the other hand, analogous to what we have done in this paper, 
one can study the dissipative effect in a chiral ﬂuid. Speciﬁcally, it 
would be interesting to investigate whether the Alfvén mode splits 
into two or more chiral modes when taking into account the dis-
sipative effects or not.
In another direction one may study the hydrodynamic modes 
and response functions in a charged Lifshitz ﬂuid [14,13]. We leave 
more investigation on the issue to our future works.
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